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Abstract 



The central extension of the mapping class groups of punctured surfaces of finite type that arises in 
quantum Teichmiiller theory is 12 times the Meyer class plus the Euler classes of the punctures. This is 
(-H ^ analogous to the result obtained in [5] for the Thompson groups. 
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> ■ Introduction 

in : 

I The quantum theory of Teichmiiller spaces of punctured surfaces of finite type, originally constructed in [51 |TS] 

and subsequently generalized to higher rank Lie groups and cluster algebras in [TJ 13 1 leads to one parameter 
famihes of projective unitary representations of Ptolemy modular groupoids associated to ideal triangulations 
' of punctured surfaces. We will call such representations (quantum) dilogarithmic representations, since the 

main ingredient in the theory is the non-compact quantum dilogarithm function first introduced in the 
context of quantum integrable systems by L.D. Faddeev in [5]. 

These representations are infinite dimensional so that a priori it is not clear if they come from suitable 2 + 1- 
dimensional topological quantum field theories (TQFT). Nonetheless, it is expected that in the singular limit, 
' when the deformation parameter tends to a root of unitjQ, the " renormalized" theory corresponds to a finite 

dimensional TQFT first defined in [T31 HI] by using the cyclic representations of the Borel Hopf sub-algebra 
BUq{sl{2)), and subsequently developed and generalized in [T]. One can get the same finite dimensional 
representations of Ptolemy modular groupoids directly from compact representations of quantum Teichmiiller 
theory at roots of unity jSl HI US . 

Projective representations of a group are well known to be equivalent to representations of central extensions 
of the same group by means of the following procedure. To a group G, a C-vector space V and a group 
homomorphism h : G ^ PGLiV) ~ GL{V)/C* , where C* is identified with a (normal) subgroup of GL{V) 
through the imbedding z i-^ zidy, one can associate a central extension G of G by a sub-group A of C* 
together with a representation h : G ^ GL{V) such that the following diagram is commutative and has 
exact rows: 

1 ^ C* ^ GL{V) ^ PGL{V) ^ 1 



1 -G -1 



*This version: February 2010. L.F. was partially supported by the ANR Repsurf:ANR-06-BLAN-0311. R.M.K. is partially 
supported by Swiss National Science Foundation. 

^One should distinguish between two different limits, depending on whether tends to a positive or a negative rational 

number. In the case when this limit is a positive rational number, the limit of the representation is non-singular and so it stays 
infinite dimensional. 



One such extension is the puU-back G of the central extension GL{V) PGL{V) under the homomorphism 
G PGL{V), which is canonically defined. However it is possible to find also smaller extensions associated 
to proper sub-groups A C C* . The central extension G associated to the smallest possible sub-group A C C* 
for which there exists a linear representation as in the diagram above resolving the projective representation 
of G will be called the minimal reduction of G. 

In this light, quantum Teichmiiller theory gives rise to representations of certain central extensions of the 
surface mapping class groups which are the vertex groups of the Ptolemy modular groupoids. The main 
goal of this paper is to identify the isomorphism classes of those central extensions. Namely, by using the 
quantization approach of |15j , we extend the analysis of the particular case of a once punctured genus three 
surface performed in [16j to arbitrary punctured surfaces of finite type. 

Let a group G with a given presentation be identified as the quotient group F / R, where is a free group 
and R, the normal subgroup generated by the relations. Then, a central extension of G can be obtained 
from a homomorphism h: F GL(V) with the property h(R) C C* so that it induces a homomorphism 
h: G ^ PGL(V). In this case, the homomorphism h will be called an almost linear representation of G, in 
order to distinguish it from a projective representation. 

In quantum Teichmiiller theory, central extensions of surface mapping class groups appear through almost 
linear representations. Specifically, let ^ be the mapping class group of a surface ^ of genus g with 
r boundary components and s punctures. These are mapping classes of homeomorphisms which fix the 
boundary point-wise and fix the set of punctures (not necessarily point- wise). Denoting T^ = T^ g, the 
projective representations of T^ for {2g — 2 + 2s)s > 0, constructed in [TSl [H], are almost linear represen- 
tations corresponding to certain central extensions Tg. By considering embeddings ^ C q, the central 

extensions Tg can be used to define central extensions for the mapping class groups for s > r, and the 
associated surfaces containing on each boundary component at least one puncture. According to [21], any 
embedding C E^ ^'^^ which \ S*^ contains no disk or cylinder components, induces an embedding 
of the corresponding mapping class groups. Using this fact, we can define the central extension F^ ^ as the 
pull-back of the central extension F^ by the injective homomorphism F^ ^ ^ F^ induced by an embedding 
of the corresponding surfaces. A priori, it is not clear whether such definition depends on a particular choice 
of the embedding, but our main result below shows that this is indeed the case. 

Central extensions by an Abelian group A of a given group G are known to be classified, up to isomorphism, 
by elements of the 2-cohomology group H^{G;A). In the case of surface mapping class groups F^^, the 
latter was first computed by Harer in [l^ for g > 5 and further completed by Korkmaz and Stipsicz in [18] 
for .g > 4 (see also [T?^ for a survey). Specifically, we have 

H\ri,) ^ a g > A, 

where the generators are given by (one fourth of) the Meyer signature class x (it is the only generator for 
the groups H'^{Tg) = iJ^(Fg_i) ~ Z, see [inillllllH] for its definition) and s Euler classes associated with 
s punctures. In the case when 5 = 3, the group iJ^(F| ^) still contains the sub-group Z'^^^ generated by the 
above mentioned classes, but it is not known whether there are other (2-torsion) classes. When g = 2 we 
will show that -ff^(F| ^) contains the subgroup Z/10Z©Z*, whose torsion part is generated by x and whose 
free part is generated by the Euler classes. The Universal Coefficients Theorem permits then to compute 
H^{G; A) for every Abelian group A. 

Denote as above by r| ^ the canonical central extension of F^ ^ by C* which is obtained as the pull-back of 
the canonical central extension GL{'H) — ^ PGL{'H) under the quantum projective representation associated 
to a semi-symmetric T in the Hilbert space % (see the next section). Quantum representations depend on 
some parameter C G C*. Our main result is the following theorem. 

Theorem 0.1. The central extension r| ^ can he reduced to a minimal central extension F^ ^ o/ F^ ^ hy a 
cyclic Abelian A C C* , where A is the subgroup of C* generated by C^®- Moreover its cohomology class is 

s 

Cr._^ =12x + ^e, ei/2(r^ ,,;A) 

i=l 

if g o-nd s > 4. Here x o^nd Ci are one fourth of the Meyer signature class and respectively the i-th Euler 
class with A coefficients. 



There is a geometric interpretation of this extension. 



Corollary 0.2. Let us consider the extension Tg^r+s of class 12x- Then there is an exact sequence: 

1 ^ A'-^ ^ ^ f^, ^ 1 

In some sense the quantum representations of punctured mapping class groups can he lifted to the mapping 
class groups of surfaces with boundary obtained by blowing up the punctures. 

Corollary 0.3. The cohomology class of the central extension r| j. is 

s 

i=l 

if g 0''^d s > 4. The same formula holds also when g — 2 but the class x vanishes in H^{Tg ^; C*). Here 
X and Ci are one fourth of the Meyer signature class and respectively the i-th Euler class with C* coefficients. 

Remark 0.1. The central extension arising from SU{2)-TQFT with pi-structures was computed in [101 HI] 
for Tg and it equals 12%. It can be shown that their computations extend to the case of punctured surfaces 
and the associated class for T^^^ is 12% + J2i=i ^i- Our result shows that this extension coincides with the 
central extension arising from quantum Tcichmiillcr theory. 

The organization of the paper is as follows. In Sectionfl] we review the quantization of the Teichmiiller space 
of a punctured surface and define the associated quantum representations of the decorated Ptolemy groupoid 
which correspond to linear representations of a central extension of the decorated Ptolemy groupoid. Then, 
in Section [2l we prove Theorem 10.11 by finding the pull-back of this central extension to the mapping class 
group of the surface. The key idea is to use a Grothendieck type principle. Namely, one can identify a central 
extension of the mapping class group of some surface, if one understands its restrictions to the mapping class 
groups of sub-surfaces of bounded topological types. The core of the proof consists in computing explicitly 
the lifts to the central extension of the decorated Ptolemy groupoid of the relations known to hold in the 
mapping class groups. When properly interpreted, these lifts yield the class of the mapping class group 
extension. 
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1 Quantum Teichmiiller theory 

1.1 The groupoid of decorated ideal triangulations 

Let S = be an oriented closed surface of genus g with s punctures. Denote M = 2g — 2 + s and assume 
that Ms > 0. Then surface S admits ideal triangulations with vertices at the s punctures. 

Definition 1.1. A decorated ideal triangulation of S is an ideal triangulation t, where all triangles are 
provided with a marked corner, and a bijective ordering map 

f. {l,...,2A/}3j^f, eT(r) 

is fixed. Here T{t) is the set of all triangles of t. 

Graphically, the marked corner of a triangle is indicated by an asterisk and the corresponding number is put 
inside the triangle. The set of all decorated ideal triangulations of E is denoted Ax;. 

Recall that if a group G freely acts in a set X, then there is an associated groupoid defined as follows. The 
objects are the G-orbits in X, while morphisms are G-orbits in X x X with respect to the diagonal action. 
Denote by [x\ the object represented by an element x & X and [x, y\ the morphism represented by a pair of 
elements {x,y) G X x X. Two morphisms [x^y] and are composable if and only if [y\ = [u] and their 

composition is [x, y] [u, = [a;,*??;], where g G G is the unique element sending u to y. The inverse and the 
identity morphisms are given respectively by [a;,?/]~^ = [y,x\ and id^x] = [x,x\. In what follows, products of 
the form [xi, X2\ [x2, a^s] • • • [xn-i, Xn] will be shortened as [xi, X2, 0:3, . . . , a:„]. 

The mapping class group A^s of S acts freely on As. In this case, we let Qt. denote the corresponding 
groupoid, called the groupoid of decorated ideal triangulations, or decorated Ptolemy groupoid. There is a 
presentation for with three types of generators and four types of relations. 



The generators are of the form [r, r'^], [r, pir], and [t, Wij-r], where t" is obtained from r by replacing the 
ordering map f by the map f o a, where a £ S2M is a permutation of the set {1, . . . , 2M}, piT is obtained 
from r by changing the marked corner of triangle fi as in Figure [1] and uJijT is obtained from t by applying 
the flip transformation in the quadrilateral composed of triangles fi and fj as in Figure [H 




Figure 1: The transformation pi. 




Figure 2: The transformation Wi^^ . 



There are two sets of relations satisfied by these generators. The first set is as follows: 



[t,t",(t")^] = [r,T"^], a,f3eS2M, (1) 

[t, PiT, Pi PiT, Pi p^ Pi r] = id [^] , (2) 

[T,U!ijT,UJikUJijT,UJjk^iki^ijT] = [t, OJjk'T, UJijUJjkT], (3) 

[T,UJijT, PiUJijT,UJjiPiUJijT] = [T,T'^*^\pjT(*-'\/9i/9jT(*^)], (4) 



where the first two relations are evident, while the other two are shown graphically in Figures [31 SI 




Figure 3: The Pentagon relation ([3]). 



The following commutation relations fulfill the second set of relations: 

[T,p,T,(p,r)n = [T,T^p,-l(,)Tn, (5) 

[T,aJijT, [cJijTy] = [r,r'^,a;^-i(,)„-i(j)r'^], (6) 

[t, PjT, P.PjT] = [t, PiT, PjPiT], (7) 

[T,piT,ujjkPiT] ^ [T,ujjkT,PiUJjkT], i ^ {j, A:}, (8) 

[t, uj^jT, WfciWy T] [r, bJaT, ujijUJkiT] , {z, j} n {fc, /} = 0. (9) 



1.2 Hilbert spaces of square integrable functions associated to triangulations 

In what follows, we work with Hilbert spaces 

H = L^iR), 7^^" = l2(M"). 
Any two self-adjoint operators p and q, acting in Ti and satisfying the Heisenberg commutation relation 

pq-qp = (27ri)-iidw, (10) 



Figure 4: The Inversion relation (HJ. 



can be realized as differentiation and multiplication operators. Such "coordinate" realization in Dirac's 
bra-ket notation has the form 

1 d 

{Ap^ 7r--^{A: (x|q=x(a;|. (11) 
ZTTi ax 

Formally, the set of "vectors" {la;}}^;^^ forms a generalized basis of % with the following orthogonality and 
completeness properties: 

{x\y) ^ 5{x -y), / \x)dx{x\ = id-u ■ 



For any 1 < « < m we shall use the following notation 



ii : End 7^ 3ah->a,, = l(g)---ig)l®a(g)l0---(8)le EndH 



2 — 1 times 

Besides that, if u G End'H®'^ for some 1 < k < m and {ii, 12, ... , u-} C {1, 2, . . . , m}, then we shall write 

Uiii2...i2 = til 18) ii2 ® • • • ® '•ifc(u)- 

The symmetric group Sm naturally acts in Ti.®™--. 

Pa(xi ® ■ ■ ■ ® Xi® ■ ■ ■ ® Xyn) = 2^,7-1(1) ® ■ ■■ ® X„-l(C} ® • • • ® X„-l(^), (J g Sm- (12) 

1.3 Semi-symmetric T-matrices 

We define now the algebraic structure needed for constructing representations of the decorated Ptolemy 
groupoid Q^. 

Definition 1.2. A semi-symmetric T-matrix consists of two operators A £ End(?^) and T G End(?^®^) 
satisfying the equations: 

= 1, (13) 
T12T13T23 — T23T12, (14) 
T12A1T21 = CAiA2P(i2), (15) 

where G C* and the permutation operator P(i2) is defined by equation (I12|) . for a denoting the transposition 
(12). 

Examples of semi-symmetric T-matrices could be obtained as follows. Fix some self-conjugate operators p, q 
satisfying the Heisenberg commutation relation p^ . Choose a parameter b satisfying the condition: 

(1 - |6|)Im6 ^ 0, 

and define then two unitary operators by the following formulas: 

A EE e-i'^/3e'3'^'''e''^(P+^)' G EndCH), (16) 
T = e'2-Piqv,(qi + p2 - q2) G End(H®2). (17) 

They satisfy the defining relations for a semi-symmetric T-matrix, where 

C = e''^=^/3, = ^(6 + 6-1), (18) 



and (fb is the Faddeev non-compact quantum logarithm defined on {z £ C; |Im(z)| < |Im(cb)|} by means of 

V 4 smh(a:6j smh(x/o)a; / 
Its main feature is the following functional equation it satisfies: 

whenever pq — qp ^ 1 . 

Remark that the operator A is characterized (up to a normalization factor) by the equations: 

AqA"^ = p-q, ApA"^ = -q. 
Note that equations (fT5|) — (|15l) correspond to relations ([2]) — (HI . 

Let us introduce now some notation which will be useful in the sequel. For any operator a G EndH we set: 

= AkakA^\ = A^^afcAfc. (20) 

It is evident that 

fe' fe' 

where the last two equations follow from equation (jl3p . In particular, we have 



P^ = -qfe, qfe = Pfc-qfe, (21) 
Pfc=qfc-P/c, qfc = -Pfc. (22) 

Besides that, it will be also useful to use the notation 

^{kl...mk) = ^kP{kl...m), P(kl...mk)=^k^^{kl...ni), (23) 

where {kl . . . m) is the cyclic permutation 

[kl . . . m) : k i-^ I ^ . . . ^ m ^ k. 
Equation (|15p in this notation takes a rather compact form 

Ti2T2i =CP(i2i)- (24) 
Remark 1.1. One can derive the following symmetry property of the T- matrix: T12 = Tjj. 

1.4 The quantum Teichmiiller space 

The quantization of the Teichmiiller space of a punctured surface S induced by a semi-symmetric T-matrix 
is defined by means of a quantum functor: 

F: ^ End(H®2A^), 
Its meaning is that we have a operator valued function: 

F: As X As ^End(H®'*'), 

satisfying the following equations: 

F(r,r) =id„»2M, F(r,r')F(r',T")F(r",r) e C\{0}, Vr,r',r"eAs, (25) 

F(/(r),/(r')) = F(r,r'), V/ £ Xs, (26) 

F(t,p,t)=A„ (27) 

F(t,w,jt) = T,j, (28) 

F(T,r-) = P,, yaeS2M, (29) 

where operator Po- is defined by equation (IT^ . Consistency of these equations is ensured by the consistency 
of equations ((131)— (US]) with relations (H])— (g]). 



A particular case of equation (|25p corresponds to t" = r: 

F(T,r')F(r',r)eC\{0}. 



(30) 



As an example, we can calculate the operator F{t,uj.^ ^{t)). Denoting t' = lj^j{t) and using equation ([30|. 
as well as definition (pS)) . we obtain 

F(r,a.r^i(r)) = F(c..,(r'), r') ^ (F(r', ...^.(r')))-^ = T,^.\ (31) 

where ~ means equality up to a numerical multiplicative factor. 

The quantum functor induces a unitary projective representation of the mapping class group Ai^ as follows: 

A^s3/^F(T,/(T))eEnd(?^®2Af)_ 

Indeed, we have the following relation (up to a non-zero scalar): 

F(T,/(T))F(T,/i(r)) = F(T,/(T))F(/(r),/(/i(r))) c F(r,/Mr)). 

The main question addressed in this present paper is to identify the central extension of the mapping class 
group corresponding to this projective representation. Observe that the projective factor lies in the sub-group 
of C* generated by (. 

2 Presentation of Tf. „ 

.y 7' 



2.1 Generating set for the relations 

We start with a number of notations and definitions. Let us denote E 



Definition 2.1. A chain relation C on the surface ^ is given by an embedding £1^2 C ^ and the 
standard chain relation on this 2-holed torus, namely 

where a, 6, c, d, e, / are the following curves of the embedded 2-holed torus: 




Definition 2.2. A lantern relation L on the surface ^ is given by an embedding Eo.4 r '^^'^ 

standard lantern relation on this ^-holed sphere, namely 



Da,, Da,, Da,, D'^ D'^ D'^ D'^ 



1 



(32) 



where oq, ai, 02, 03, ai2, 013, 023 are the following curves of the embedded 4-holed sphere: 




Definition 2.3. Consider an embedding 3 C Sg ^ such that the boundary components 01,02,03 0/ 3 
are non-separating curves. Let then 012,013,023 be embedded curves on 3 so that Ojk bounds a pair of 
pants So, 3 C 3 along with Oj and a^, for all 1 < j ^ k < 3. Then the puncture relation P (supported at 
the puncture of 3J on the surface is: 



D D D D^^D^^D^^ 



(33) 



Remark 2.1. The puncture relation is, in fact, a consequence of the lantern relation and the fact that the 
Dehn twist along a small loop encircling a puncture is trivial. 



The first step in proving Theorem 10.11 is to find an explicit presentation for the central extension F^^. 
Specifically, by using Gervais' presentation |10) . we have the following description. 

Proposition 2.1. Suppose that g > 2 and s > 4. Then the group Tg has the following presentation. 

1. Generators: 

(a) With each non- separating simple closed curve a in "Eg ^ is associated a generator Da,' 
(h) One (central) element z. 

2. Relations: 

(a) Centrality: 

zba = DaZ (34) 

for any non-separating simple closed curve a on ^; 
(h) Braid type 0-relations: 

DaDb = DbDa (35) 
for each pair of disjoint non- separating simple closed curves a and b; 

(c) Braid type 1-relations: 

DaDbDa = DbDaDb (36) 

for each pair of non-separating simple closed curves a and b which intersect transversely at one 
point; 

(d) One lantern relation on a A-holed sphere subsurface with non- separating boundary curves: 



B) clqB) (i-^D (i^^ — -^ai2 -^ai3 -^a23 (*^'^) 

(e) One chain relation on a 2-holed torus subsurface with non-separating boundary curves: 

0aDbD,f ^z^^D.Df (38) 

(f) Buncture relations: 

Dai2(,)Dai3(i)Da23(€) = zDa^(^^)Da2{^)Da^^^) (39) 

for each puncture pi of i G {1, 2, . . . , s}. 

(g) Scalar equation: 



z 



1 (40) 



where N is the order of Q ^ , in the case where C £ C* is a root of unity. 



2.2 Proof of Proposition [27T] 

Lemma 2.1. For any lifts Da of the Dehn twists Da we have DaDb — DbDa and thus relations (2) are 
satisfied. 

Broof. The commutativity relations are satisfied for particular lifts coming from a semi-symmetric T-matrix. 
If we change the lifts by multiplying each lift by some central element the commutativity is still valid. Thus, 
the commutativity holds for any lifts. □ 

Lemma 2.2. JThere^ are lifis^Da of the Dehn twists Da, for each non- separating simple closed curve a such 
that we have DaDbDa = DbDaDb for any simple closed curves a, b with one intersection point, and thus the 
braid type 1-relations (3) are satisfied. 



Proof. Consider an arbitrary lift of one braid type 1-relation (to be called the fundamental one), which has 
the form DaDbDa = z^Di,DaD\j. Change then the lift Di, into z^Db. With the new lift the relation above 
becomes DaDbDa = DbDaDb- 

Choose now an arbitrary braid type 1-relation of F^^, say D^DyDx = DyD^Dy. There exists a 1-holed 
torus Si_i C Sg r containing x, y, namely a neighborhood oi xUy. Let T be the similar torus containing a, b. 
Since a,b and x,y are non-separating there exists a homeomorphism : ^ — J> ^ such that ip{a) = x 
and (p{b) = y. We have then 

Dx = ipDa(p^^, Dy = (pDbip^^. 
Let us consider now an arbitrary lift ip of ip, which is well-defined only up to a central element, and set 

Dx = ipDa(p^^, Dy = ipDb(p~^. 

These lifts are well-defined since they do not depend on the choice of (p (the central elements coming from 
!p and (p~^ mutually cancel). Moreover, we have then 

D.,DyD., = byb^by 

and so the braid type 1-relations (3) are all satisfied. □ 

Lemma 2.3. The choice oj lifts of all D^, with x non-separating, satisfying the requirements of Lemma \2.S\ 
is uniquely defined by fixing the lift Da of one particular Dehn twist. 

Proof. In fact the choice of Da fixes the choice of Db. If a; is a non-separating simple closed curve on E^ ^, 
then there exists another non-separating curve y which intersects it in one point. Thus, by Lemma 12.21 the 
choice of D^ is unique. □ 

Lemma 2.4. One can choose the lifts of Dehn twists in ^ so that all braid type relations are satisfied and 
the lift of the lantern relation is trivial, namely 

babbb.ba = b^b.b^ 

for the non- separating curves on an embedded So.4 *^ r- 

Proof. Arbitrary lift of that lantern relation is of the form DaDbDcDj^ = z'^D^DyD^. In this case, we change 
the lift Da into z~^Da and adjust the lifts of all other Dehn twists along non-separating curves the way that 
all braid type 1-relations are satisfied. Then, the required form of the lantern relation is satisfied. □ 



We say that the lifts of the Dehn twists are normalized if all braid type relations and one lantern relation 
are lifted in a trivial way. 

Lemma 2.5. A normalized Dehn twist in quantum Teichmiiller theory is conjugated to the inverse T-matrix 
times (^~^ i.e. 

b^ = F(r,i?„T) = Q-''Uo,T-i^U-\ 

Proof. The idea of the proof is to calculate the lift of the lantern relation. Consider the following decorated 
triangulation r of the 4-holed disk with 4 punctures: 




The trick used in [151 116) for computing Da is to use a sequence of fiips to change the triangulation into one 
which intersects some curve isotopic to a into two points. Then the Dehn twist along a can be expressed 
as the fiip of one of the two edges of the latter triangulation intersecting a. This recipe generalizes to the 
case where the curve a intersects several edges of the triangulation, if a is a boundary component with 
one puncture on it. Specifically, let ei, . . . ,es be the edges issued from the puncture, in counterclockwise 
order. Then the Dehn twist Da can be expressed as the result of composing the fiips of ei, 62, . . . , Cs-i. We 
illustrate this procedure with the case of the left Dehn twist D^^ on the triangulation r above: 



In particular, we find that the following expression for the right Dehn twist along a^: 

fa, = F(r, Da,T) - T,^T,^T,^T,^ (41) 
We use further the same recipe for the remaining Dehn twists along boundary components and obtain: 

= F(r, Da,T) - r24T25T23r26 (42) 

fa, - F(r, Da,T) = T,iT,^T^(,Tu (43) 

F„„ = F(r, Da,T) = rggTgirgiTg^ (44) 

In order to compute Ta^^ we need to transform the triangulation r into one which intersects a curve 
isotopic to ai2 into precisely two points. This can be done as follows: 




can be used to compute: 
Eventually use the transformations 



in order to obtain: 

F,,3 = F(t, Da,,T) = Ad{T^^-^,T-,^T-,^T-^^T^{ri^){T^^ (47) 
The next step is to simplify the expression of the last three Dehn twist, as follows: 



Ti rri rji rj~i rri rri rj~\ rji rji rji rri rri rri rji rj~\ rji rri rri rji rji rji rji 

3fl-'l4't45 -t46-t75 -t67 't75-'46 -t45-t 14-^35 — -^35^ ll-^ ib^lb^^ i&^ei^ 46-^ 75-^ 45 H-L 35 



TI rri rj~\ rj~i rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri 

35^ l4't 45 -'75^ 67 -^47^ 75-' 45 ^ 14-^35 — ^ 35^ 14-' 45£75£67£r5 J 47^ 14 ^ 35 — 35-' l^-^ 45^ 67-' 65-'47-' 14-' 35 — 

rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri 

— -'14-' 67-' 35-' 45-' 65-' 35-' 47-' 14 — -' 14-' 67-' 35-' 45-' 35 -' 35-' 65-' 35-' 47-' l4 — -' 14-' 67-' 45-' 34-' 65-' 36'' 47-' l4 



TI rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri 

S7^ 26-' 45-^ 24-t gg-' 45 58-' 24-' 45-^ 26-' 87 " 87-' 26-' 45-^ gg -' 24-^ Ig-t 24 -' gg-' 45-^ 26-' 87 " 



rri rri rri rri rri rri rri rri rri rri /"T^ T"* TD 'T' T^" 

-'87-'26£45£g8£45-'52-'g8-'45-'26-'87 — '.-' 87-' 26-' gg-' 48-'^(454)-' 52-' gg-' 45-' 26-' 87 " 



^rji rp rp rp rp rp rp rp^ rp p 

'a -'87-' 26 -'58 -'48 -'42-' 48 -' 54-' 26-' 87-" (454) 



C'^g7 ^26^gg ^24r28 ^54^26 ^87-P(454) 



^ S-'87-'58-'26-'24-t28-'26-'54-'87-'^(454) — '^-' 87-' 58 -' 26-' 24-' 26-' 26-' 28-' 26 -' 54-' 87M454) 

— C^87^58^24T4gr2gT86^54'^87-^(454) 



/T1 rji rf~l rr< rr> rri rrr rji rj~i rj~i rji rT~\ rj~i rj~i rri 

-t24-t36-t58-'l7-'41-^31-'45-'35-'45-^31-'41-'l7-'58-^36-'24 



rji rri rr\ rji rri rji rj~\ rri rji rri rri rji rji rji rji 

— -t24^36-t5gJl7^4iJ45 J3i^35^3i i45i4iJi7-'58^36-t24 — 

rj~i rj-i rji rri rri rji rri rri rri rri rri rri rri rri rri rji rri rri rji rri rri rri rri rri rri rri rri 

— -'24-l36-'58-'i7-'41-'45^35-'5i-'45-'4i-tl7-'58^36^24 — ^ 24-1 36^ gs^ 17-' 41^45^ 35"' 45'' 51^ 17^ 58^ 36^ 24 



Ti rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rri rji rri rri rri rri rri rri 

24^36't58^17't41^45-'35 -'51-'45-'41 -'l?-tS§-'36-t24 - 24-136-' 6§-' I?-* 36-'3i-' 5I-' I?-' 6§-'36-' 24 

Putting all these together we obtain: 

Fai2 Fa23 Fai3 = CTiiTf^jTi<sTr^iTf^^T.;^ffri7T^^-^T2iTf,fy^^^^ x 

^ ^54^87-^(454) — C'^lAT(,7Ti5T^lTQr,T^QTijT^iT2iT^(,T'^QTijTii^ 
^ ^87-^(454) = Q'^'^u'^67'^i5'^il^65^36'^'i^'^ll'^^^^ 
^ -^87-^(454) ~ C'^'^14'^67'^i5T^4'^e5T^eT4^T\2^ 

^ -^(575) -^(454) = C^Ti4Tgyr45r34rg5r3g747r^2Z24r36^58^47 ^35^34 
^ -^(575) -^(454) = C'^^14 ^67^45^34^65^36 ^12 ^24r27-P(474)'r3gr5gr35T3|r5jT3gT4gTggT2gTggT'g3T'y4 X 

^ -^(575) -^(454) = C^^14^12 ^16^17^17r'l6 'r67 ^24r'24 r'45J34 ^65^36 ^24 J27-P(474) ^36^58^35^34^51^36^46^8.5^^8 
X ^86^§5^74-P(575)-P(454) = C'^Fa, Ti7T'g7T'ig r24 r'24r45r'24 T2aT^3T2a T^^ T^^T27 -P(474)r'36^58^35'^34'^5l ^36'^46 ^ 



X 



^ -^85'^28^86 ^85^74 -f(575)-P(454) 



^'^85^28^86^'85^74-P(575)-P(454) = C^Faa ^24725723^ ^26^67 ^16^45 J43Z2I^65-P(636)-P(474) ^58 '^35^34^51 ^ 
^ ^85^28^86^85^74-^(575) -P(454) = a2^ aiTQ7T2&TiQT/^hT^^ TQ^Ti^^TQ^ T^ij T^i TQ^Tij^ Tp^^T^^Tf^^T^^T^ijX 

X -P(636)-P(474)-P(575)-^(454) = C^^aa Fai rg7r26T^r45T43^58^68^6i^53^57^^^ 
X -P(656)-F'(373)-P(636)-P(474)-f(575)-f'(454) = C^^ ai'^&r'^'^&Ti^T^^Ti^^T^gT^-^^T-^^'^^ 
^ -P(656)-P(373)-P(636)-f(474)-P(575)-f(454) = ^ ai'^fil'^'^&TAbTi^T^^T^gfi^^Ti^ijPfQ^Q-^^ 
^ -P(656)-P(373)-^(636)-P(474)-^(575)-^(454) = C'^Fq^Fq^rgy 726745^43^58^18^53 ^57 ^26 ^67 ^68^43 ^ 
^ -^(686)-P(656)-f(373)-P(636)-P(474)-P(575)-f(454) = C^Fq^ Fq^ r45T43rggTjgT'53rg7TggP(g7g-|TQgT'43 X 
^ -P(686)-P(656)-P(373)-P(636)-f(474)-f(575)-P(454) = C^^Fq^ Fq^ FqoTg7Tgjrg4l^g745r43T|gr-^gf53Tg7r^^ X 
^ -f(676)-P(686)-P(656)-P(373)-P(636)-P(474)-f(575)-P(454) = C*^Fq2 Fq^ Fqj,Tgy^j ^4 ^48'^45743^187g3^57^65^78^i3 ^ 
^ -P(676)-f(686)-P(656)-f(373)-f'(636)-f(474)-P(575)-f(454) = Fq^ Fq^ Fq„^7r45T43rg3TgyTggT2gT43 X 

X -P(676) -P(686) -f (656) -P(373) -^(636) -^(474) -^(575) -^(454) 

Use now the identity: 

1^ T' 7^ T' 7^ T' / — -^T^ T' P 

-187-1 57-^78 ~ 58-^ St-' 87-1 78 — I, j gg j j-^^g^^ 

and introduce above to find that: 

FaiaFojsFaia = C^F^j F^ F(jgT45T43Tg3TggTgyTggf43 X 
X-^(787)-^(676)-f(686)-^(656)-P(373)-^(636)-f(474)-P(575)-^(454) ~ C^Fq^ Fq^ Fq^ Fq3T!3gT'3yT'3g^3g7457^Tg3TggTg7TggT'43 X 
X -^(787)-^(676)-P(686)-^(656)-P(373)-^(e36)-P(474)-^(575)-^(454) — C^a2 ^ai Foo Fas 7^36-^37-^38-^45^S^3^S8 -^57^65 "^43 ^ 
X -^(787)-^(676)-f(686)-^(656)-P(373)-^(636)-f(474)-P(575)-^(454) = C^Fq^ Fq^ Fq^ Fq3f3gf3yT'3gT45P|rg3g^TggTgyTggT'43X 
X -P(787)-P(676)-P(686)-P(656)-P(373)-P(636)-P(474)-P(575)-P(454 = Fq^ Fq^ Fg^ Fa3 T3g f^f Tgg 745 Tgg TgyTga T45X 

X -'^(535)-P(787)-'^(676)-P(686)-P(656)-P(373)-P(636)-P(474)-P(57^^ = C^Fq^ Fq^ Fq^ F03 

Thus the lift of the lantern relation is C^. Therefore we have to renormalize each right Dehn twist by taking 

Da = C~^Fq, as claimed. □ 

Wc will suppose henceforth that the lifts are normalized. 

Lemma 2.6. Let a,b,c,e,f be the five curves appearing in the chain relation {DaDiDc)'^ = D^Dfon an 
embedded 2-holed torus sitting inside S*^^. If s>2, then the lifts of Dehn twists in Tg .^ satisfy the relation 

{b,D,D,f = C'^b,bf 



Proof. If s > 2 and g > 2, then there is an embedding i C 

We consider a surface S homeomorphic to 2 j i-^- ^ torus with two holes and two punctures drawn in the 
left picture of Figure [5] where the opposite sides of the rectangle are identified. Notice that the two punctures 
are located on the two boundary components. The central picture of Figure [5] specifies five simple closed 

Figure 5 

curves a, 6, c, e, / in S*, the Dehn twists along which enter the chain relation. 

We also choose a particular decorated ideal triangulation t of 5 given by the right picture of Figure [5j 
where the ideal arcs are drawn in black and the positions of the numbers in ideal triangles correspond to 
the marked corners. Notice that our choice is manifestly symmetric with respect to the exchange of the left 
and the right halves of the rectangle accompanied with relabeling (1,2,3) o (4,5,6). This symmetry will 
be useful for reducing the amount of calculations in deriving the quantum realizations of the Dehn twists. 

The basic procedure in deriving the quantum realization of the Dehn twist Da along a given simple closed 
curve a is to use a specific decorated ideal triangulation where the contour a intersects only two ideal arcs, 
so that the annular neighborhood of a is given by only two ideal triangles. With respect to such (decorated) 
ideal triangulation the quantum operator realizing Da is given by a single T-operator. Let us work out this 
procedure in the case of the curves a, 6, c, e, /. 

For any simple closed curve a, we denote — D^^ ~ F(Z3qT, t). To derive the operator representing the 
Dehn twist Da , we apply the following change of triangulation: 




where the operator above the arrow realizes the corresponding element of the groupoid of decorated ideal 
triangulations within the quantum Teichmiiller theory. Thus, 

C — Ad(T23)(r^3) = 753^13-^23 — ^13-^12' 

where in the last equality, we have applied once the Pentagon relation, and we use the notation T = T^^. 
Here, we use the normalization where the braid-type and the lantern relations are satisfied without projective 
factors. By the above mentioned left-right symmetry (1,2,3) -f-J- (4,5,6), we immediately get the quantum 
realization of the Dehn twist D^- 

To calculate the quantum realization of !?{, we use a two-step chain of transformations of r: 




Thus, we have the following sequence of equalities: 

C^^Ffc — Ad(T64r4iT'63)(T34) — TQ4T4i TQ3T34TQ3 T4iT(i4 

— £64£44£64J 34^41^64 — 61 ^ 41-t 34-t 41 -t 64 — ^ 61 ^ 34^ SlJ 64, 

where in each step the underlined fragment is transformed by using the Pentagon relation. 




To calculate the realization of De, we consider the following sequence of ideal triangulations: 




Thus, wc have 

C~^Fe = Ad(r34ri4T'63^45^56)(^26) ^ ^34 J"l4'?63^45 ^65 ^26^65 ^45 ^33 ^14 '^'34 

34-'l4J63-ij4^26f25f5i^63-'l4J34 — 34-t ^ i 63-^ 26-^ SS'' 23-^ 63-t 41^ 34 

TI rri rrn rri rri rri rri rr\ rr\ rri rji rr\ rr rr\ rr\ 

34 ^ 36 62 ^ 25 ''24-' 21-' 36-' 34 — ^ 34^ 23 ^ 62-^ 25^' SI'' 21^ 34 

rri rr rri rr: rri rri rri rr: rri rri rri rri rri rri rri 

— ^23-^24 -' 43 -^62-' 25 -^24 -' 21 -^43 ~ 23^' 26^' 25 ^^^^ Ss-' 21 ; 

where, as before, in each step the underlined fragment is transformed by applying the Pentagon relation. 
Again, using the symmetry (1,2, 3) O (4, 5, 6), we also have 

— 6p rri rri rri rri rp rri rri 

— -'56-'51-'53-'52-'5i-'56-'54- 

In order to check the Chain relation, we first calculate the following product: 

/ 18 c n n rjirprjirprprjirprri T^T^T^T^T^/^Z:) rri rp rp rri rp p 

C rcTbTa - -'48^45 -'61^34^ 31^ 64^13^12 - ^ 46^' 45^' 61 J 34 i 64C ^^(313) J 12 - C-* 46 45^' 61 J 34 J 64 J 32-^^(313) , 

where we have applied the Inversion relation to the underlined fragment. Next, we calculate 

("^•^(FcFfcFa)^ = C^r4gr4gr6ir34T64r3^ F(3-^3) r4gr4g r6ir34 r64 r3^P(3^3) 

/•'2rri rp rp rri rp rri rp rp rp rp rp rp I ) 

- 46 -^45-^61^ 34^64^ 32 -' 46 45 -'63-'l4^64 Ji2-^(33)(li) 

/-^rp rprprprprprprprprpp) p 

— S ^46-'45 -'61-'34^32-'65 -'43-'l6-'46-'l2M646)M33)(ll) 



/^^rp rprprprprprprprprprprppf p) 

^ 46 45 -'65 -'51-' 61-^32 J 24 -^34 J 43 J 16 J 46^ 12-'^(646)-'^(33)(ll) 



C^^65^46^51^32^24^(616)-^(343)^46'^i2-P(646)-P( 



(646)-' (33)(11) 



/■5rp rp rp rp rp rp rp p 

-'65-'46-'51-'23-'24-'31-'62M 



(16341)' 



where each equality is obtained by transforming the underlined fragment by applying the Pentagon relation 
(twice in the forth and once in the fifth equalities), the Inversion relation (once in the third and twice in the 
fifth equalities), and the extended symmetric group action (in the second, the third, and the sixth equalities). 
Finally, taking the square of the obtained identity, we have 



C (FcFftFa) — C T'65^46^51^23'^24^M^62-P(1634i)^65^46^51^23^24^M^6^ 



1) 



C\-y>rp rp rp rp rp rp rp rp rp rp rp rp rp rp Ty r> 
-' 56-' 46-' 51-' 23-' 24f3i-' 62 -' 53 -' 13-' 56-' 24-' 21-' 46-' 32-'^(131)-'^(46l) 

CIOt^" rp rp rp rp rp rp rp rp rp rp rp rp rp rp rf r) 
-' 56-' 46-' 51-' 23-' 24-' 62-' 53-' bi^SizM. 56^2l±2i^ 46-' 32-'^^(131)-'^(464) 

Cllrri rp rp rp rp rp rp rp rp rp rp rp rp r) 
-' 56 -' 46 -' 51-' 23 -'24 -' 62-'53-'5i-'56-'24-'23-'46-'l2-'^(464) 



Cllrri rp rp rp rp rp rp rp rp rp rp rp rp rp r} 
-' 56-' 51-' 23-' 24-' 26-' 46 -'62-' 53-' 51 -' 56-' 24-' 46-' 23-' 12-'^( 



(464) 



Cllrrn rp rp rp rp rp rp rp rp rp rp rp rp r) 
-' 56-' 51 -' 23-' 24-' 26 -' 53-' 51 -' 24f46£56-' 46-' 23 -' 12-'^(464) 



Cllrri rp rp rp rp rp rp rp rp rp rp rp rp rp r} 
-' 56 -' 5 1 -' 23 -' 24 -' 26 -' 53 -' 5 i -' 24 -' 56 -' 54 -' 46 -' 46 -' 23 -' 1 2 -'^( 



(464) 



Cl_^rp rp rp rp rp rp rp rp rp rp rp rp 
^ Se-* 5l£23-' 24 -' 26-' 53 -' 51 -' 24 56-' 54 -' 23 12 

CI 2 /T"! rp rp rp rp rp rp rp rp rp rp rp rp rp rp 
-' 56-' 51-' 53-' 52-' 23-' 24-' 51-' SS-* 52-' 26-' 54-' 52-' 24 23-' 12 



C12rTi rp rp rp rp rp rp rp rp rp rp rp rp rp ^ ^ 

-' 56-' 51-' 53-' 52-' 23-' 51-' 56-' 54-' 24-' 26-' 52-' 24-' 23-' 12 — '"/'"e, 



where each cquahty, except for the last one, is obtained by transforming the underhned fragment by applying 
the Pentagon relation (one time in the third, the fifth, the sixth, the seventh, the tenth, and three times 
in the ninth equalities), the Inversion relation (in the forth and the eighth equalities), and the extended 
symmetric group action (in the second, the forth, and the eighth equalities), while in the last equality the 
underlined (respectively the non- underlined) fragment corresponds to the operator Fj (respectively Fe) □ 

Lemma 2.7. The lift of each puncture relation is C,^ . 

Proof. Observe first that the central element Pi which is the lift of the puncture relation at the puncture pi is 
independent on the particular subsurface Sq^. If we consider another subsurface, there exists a homeomor- 
phism (p : Sg J. ^ Sg ,. fixing the puncture pi and sending it to the initial subsurface, because the boundary 
components are non-separating. The new puncture relation is then conjugate of Pi by ip and hence they 
coincide, as they are elements of the center. 

If s > 4 then there is an embedding 3 c 5*^, such that each boundary component of ^0^3 has a puncture 
on it. Consider first the following decomposition r of the punctured pair of pants into triangles. The position 
of the label of each triangle indicates also the marked corner. 




P3 



Then we can express easily the action of each Dehn twist Da^ on the triangulation r as a composition of 
flips. If we set F^^. = F(t, Dq^. (r)) then we have: 

F = F = F = 

Further we use the sequence of transformations below, in order to change the triangulation r into a trian- 
gulation which intersects the curve ai2 in only two points. 



Then the method outhned above permits to compute the Dehn twist fai2 — '"(t, -Dai2 (''")) ^-s fohows: 

Fai2 — Ad(T|yr24T|jT3|T32)(Tj. ) 

Let us first simplify the formula for F^^^ • We have 



r' 'T~l 'T~' 'T~l 'T^ fT~' 'T~l T^" 'T^ 'T~l 'T~' 'T~' 'T~' 'T~' 'T~' 'T~l iT^" T^" T^" 'T"' 

■"012 — ^74^ 24-^41 ^34 ^ 32^ re-' 32 ^34^ 41 ^24-^74 ^ i 74-^ 24-^ 41 ^ 34-^ 73 ^ 72 34 ^ 11^ 74 

rrn ry"! rrn rri rr\ rji rri rri rri rri rri rri /Tn rri rj~\ rri rri 

— J 74 J 24 -^ 41 -' 73 ^ 74 -^72 -^41 ^24-^74 — 74-' 24-* 73^' tl-* 7i£72£24£74 

— 74 24 -^ 73 74 71 -' 24 -^ 72 — 74-* tS-* 74-* 72-* tl-* 72 

where in each step the underlined fragment is transformed by using the Pentagon equation, and in the last 
equality it is also combined with the symmetry relation T24 — T^g. 

Our triangulation is invariant under the following simultaneous cyclic permutations 

■k: Pi^ P'i^ Pi, l^Q^i^l, 2i-^5^4h>2, 7 H> 7, 

so that the contours aj and au are transformed as follows: 

tt: oi a2 03 i-> ai, ai2 i-> 023 i-> 031 t-^ 012- 

Thus, it suffices to know the explicit formula for Fq^^ in order to write out the other two without any further 
calculation: 

^023 — "'('"012) — ^(^74^73-^74-^72-^71-^72) = ^72-^71-^72-^75-^76-^75' 

and 



Now, it remains to calculate the ^ in (1). We have 



ai2 ' 0,23 ' 0,31 



rri rji rri rri rri rji rri rji rji rji rr\ rji rji rri rrt rri rji rji 

^7i^7S,^ 74^ 72-^71^ 72-' 72^ ti^^ 72-* 75^ 76±Tb±T5^ 76 J 75 ^ 74 J 73-' 74 



(2752) 
(2752) 



C'2.rTi rp rji rji rp rji rri rri rp rji rp rp rp rp p 
^ 74-^ 73^74 ^72^71-^21 -' 27 -^25-^26-^56 -' SS-^ 54-* 53-^ 54^(; 

C'2, rp rp rp rp rp rp rp rp rp rp rp rp pf 
74 73 74 ^i-' 72-* 27-^ 56-' 25-* 52-^ 54-' gS-* 54-^^^(2752) 



f^2rp^ T^T'T'/^P Z' P T^T^T^P /"^rp rp rp rp rp rp rp rp p 

— ^ -'74-'73-'74-'2l''-'^(727)-'56S-'^(252)-'54-'53-'54-' (2752) ~ ^ 74 73 -^ 74 -^ 21-^ Se -' 74 -^ 73 74-^^(77) 
= C'*Tt4'^73-^2i^56C-P(474)^73^74-f'(77) = C^ ^74^73 -^21-^56 ^43 -^47-^(747) 

— ^21 '^56^43^74^47-^(747) — C^^2i^56^43^-P(747)-F'(747) ~ C^'^2i^56^43 ~ C^^a^^ai^ai 

where in the underhned fragments the Pentagon equation is used twice in the forth and once in the ninth 
equahties, the Inversion relation is used twice in the second and the fifth, and once in the seventh and 
the tenth equahties, while in the third, sixth, eighth, and eleventh equalities the permutation operators are 
moved to the right and the powers of the C, to the left. 

□ 

The following lemma is a simple consequence of a deep result of Gervais from ([lOj): 
Lemma 2.8. Let g > 2 and s > 0. Then the group Tg ^ is presented as follows: 

1. Generators are all Dehn twists Da along the non- separating simple closed curves a on 

2. Relations: 

(a) Braid-type relations: 

DaDb = DbDa 

for each pair of disjoint non- separating simple closed curves a and b; 
(h) Braid type 1 relations: 

DaDbDa = DbDaDb 

for each pair of non-separating simple closed curves a and b which intersect transversely in one 
point; 

(c) One lantern relation for a A-hold sphere embedded in ^ so that all boundary curves are non- 
separating; 

(d) One chain relation for a 2-holed torus embedded in E^ ^ so that all boundary curves are non- 
separating; 

(e) A puncture relation for each puncture. 

Proof. According to ([101, Theorem B) we have a presentation of Tg^s+r with the generators above and all 
but the puncture relations. Now, the kernel of Tg^s-\-r ^g^r is the free Abelian group generated by the 
Dehn twists along the boundary curves to be pinched to punctures. Such a Dehn twist is expressed (using 
the lantern relation) by the left hand side of the puncture relation. This proves the claim. □ 



Proof of Proposition \2.1\ According to the normalization coming from the braid relations and the lantern 
relations the images of the standard Dehn twist generators of the mapping class group is a product of 
and elements Tij, where i, j are the labels of the triangles (possibly with " or "). Thus the projective factors 
that appear belong to the subgroup A generated by <^^. The only non-trivial lift of a relation from Lemma 
12.81 is the chain relation which lifts to C^^^- Set z for the element of ^. Then the presentation of the 
central extension ^ is given by the claimed relations. 

2.3 Cohomological consequences 

Recall from ([18], Corollary 4.4) that the 2-cohomology classes x and e,; are defined for any g > 3,s,r > 
and they span a free Abelian subgroup Z"+^ C H^iTg ^). This inclusion is actually an isomorphism when 

We will denote by F^ ^ the group defined by the presentation given in Proposition for all values of s, ij. 



r. 



Thus, according to Proposition 12. II the extension F^ ^ is isomorphic to F^ ^ if s > 4 and g >2 



Lemma 2.9. If g > 2, then we have Cf — — 12% g H^(rg^r', A). 

Proof. Consider first the case where (js^not a root of unity, so that the group A is isomorphic to Z. Gervais 
proved in ([ini, Theorem 3.6) that Tg^r (namely, where s = 0) is isomorphic to the so-called pi-central 
extension of Fg Further in [TOl [19] the authors identified the class of the pi-central extension of Tg^r to 
the class 12x and thus Cp — — 12x- 

Here is a more direct argument. Set Fg^r(l) for the subgroup of Tg^r generated by the lifts Da of the Dehn 
twists and the central element u = z^"^. Then Fg^r(l) is the universal central extension considered by Harer 
(see [inilll]) and thus Cr^ ^(i) is the generator x of H'^{Tg^r) = 

The cohomology class ,.(i) is represented by some explicit 2-cocycle Cr^ : Tg^r x Tg ^ Z which arises 
as follows. Let S : Tg^r ^g,r{^) be a set-wise section. Let also i : ker(Fg_r(l) ^g,r) — !> Z be the group 
isomorphism defined by i{u) = 1. It is well-known that the 2-cocycle 

CT^^^ii){x,y) = i{S{xy)S{xy^S{y)-^) el 

represents the cohomology class cp^ ^(i). 

Let us construct now a 2-cocycle representing the extension Fg Consider the set-wise section loS : Tg^r ^ 
Fg^r, where t : Fg ,.(1) — Fg.j. is the obvious inclusion. Let also j : ker(Fg^r ^ Fg^^) — >■ Z be the isomorphism 
given by j{z) = 1. Then 

Cj^Jx, y) = o S){xy){i o S){x)-\l o S){yr') = j{L{S{xy)S{x)-' S{y)-')) G Z 
is a 2-cocycle representing Cf — . Since jU(u)) = j(z^^^ = 12i(u) and S(xy)S(x)^^ S(y)^^ belongs to the 

i £7,7- 

cychc subgroup of Fg_r(l) generated by u, it follows that 

Cj^Jx,y) = 12Cr^„(i) 

and thus Cj? — = 12%, where x is one fourth of the Meyer signature class, which is a generator of i?^(Fg_i) C 

When C is a root of unity of order N then the class of the extension Fg^^ is the image of 12x in H^iVgy, 'L/N'L) 
by the reduction mod N. □ 

The next step is to prove a similar statement when the number s of punctures is non-zero. 

Definition 2.4. Let F^ ^(ai, . . . ,as) he the central extension ofT^ ^ by A having the following presentation: 

1. Generators are the Da, where Da are Dehn twist generators of ^ and the central element z of the 
same order as C^^/ 

2. Relations are as follows. For each puncture pi the lift of the corresponding puncture relation reads: 

Dai{i) Da^_(^i) Da^(^t) D a^^_^^■^D a^^(i)D a^^{i) ^ z''' 

where Da are lifts of Dehn twists. Furthermore the chain and lantern relations have trivial lifts. 

Proposition 2.2. Suppose that g > 0. Then Cy" (ai,...,as) £ ^4"+^ C i7^(Fg^;A) is the vector aiei + 0262 + 
■ ■ ■ + OgCs, where is the Euler class of the i-th puncture. 

Proof. This is folklore. Consider first that C is not a root of unity. Let 'Sg^r\-i-i denote the subsurface of Eg ^ 
obtained by removing a one-punctured disk centered at the puncture pi and thus creating a new boundary 
component bi. We have then a central extension 

induced by the inclusion map E^^^i.j > E^ ,.. It is well-known that its cohomology class is Cps-i = e^. 
Lemma 2.10. The extension F^^^-^.j is isomorphic to F^ ,.(0, . . . , 1, . . . , 0), where 1 is on the i-th position. 



Proof. There is a natural set-wise section Si : Tg ^. r*~^^.j, given by Si{Da) — Da, for any Dehn twist 
Da- In order to make sense, we might suppose that a simple closed curve a disjoint from the puncture pi is 
actually disjoint from bi so that it lies within S*"^-^.^. 

Braid, chain and lantern relations are then lifted trivially. A puncture relation at pj is lifted trivially if 
j i. Consider next a puncture relation at pi in S^ ,,, which is supported on some subsurface 3. The 
three boundary curves of Sj 3 lie within Eg~l^j^.j and together with bi bound a 4-holed sphere in S^^l^j^.^. 
The lantern relation associated to this 4-holed sphere on S^^^j^.^ is then the lift of the puncture relation at 
Pi. The Dehn twist along hi is the generator z of the central factor ker(r^^^-^.j ^). Thus the lift of a 

puncture relation at pi is the factor z. □ 

Lemma 2.11. Let Lg^:!! -^T, denote the linear map L-^ijii, . . . , Ug) — '^i^h where a = (ai, . . . , Og). 

Consider the central extension 

1 ^ ^ Tg^r+. ^ ^ 1 

Then the map La induces a quotient ofTg ^+s, which is a central extension Tg_^{a) 0/ by Z which is 
isomorphic to Tg ^(oi, . . . , a^) and gives rise to the following commutative diagram: 

1 ^ Z^ ^ Tg^r+s ^ r^_, ^ 1 

1 ^ Z ^ r^,r(a) 1 

Proof. The class of the central extension ^^^^ belongs to H^i^g ^5 = ®sH'^(ri ri By functoriality 
we derive that ,.+3 = (ei, 62, ... , eg) £ H^{Tg ^; Z*). Then the class Cps (a) is the image of ,.+3 into 
iJ^(Fg ^)) by the homomorphism of coefficients rings ia : — > There is an obvious set-wise section S 
defined in the same way as the 5^ from above. Then ^^.^ is the class of the 2-cocycle L^C, where C is 
the 2-cocycle associated to 5 and so 

s 

L^C{x, y) = TT{S{x)'''^S{yy^S{xy)) L^{{Si{xy^ Si{yy^ Si{xy)^=i^s) = ^ a^Ci{x, y) 

i=l 

where Ci is the 2-cocycle associated to Si. Since the class of Ci is it follows that the class of LaC is 
E»=i a^ei. 

On the other hand the lifts of relations in F* ^(a) are the same as in F* ^(ai, . . . , Og) and thus they are 
isomorphic. In fact the lifts of braid, chain and lantern relations to Fg^^-i-s are trivial. The lift of a puncture 
relation at pi is the i-th generator of the central factor Z" , according to Lemma 12.101 Therefore its image 
into Tg ^(a) is zf , namely the lift of the puncture relation in F* ^(ai, . . . , as). □ 

When C is a root of unity the extensions by Z above are replaced by extensions by Z/A^Z and all arguments 
go through without essential modifications. 

This proves the Proposition. □ 

Proof of the Theorem. Assume first that A is cyclic infinite. Let / denote the surjective homomorphism 
f :Tg ^ Tg-r - Consider the central extension 

1^1?^ /*(IV) X F^^,(l, 1, . . . , 1) F^,, ^ 1 

Using the map L : Z^ — > Z given by L{x, y) = x + y we find a quotient of /*(Fg^,.) x F^ ^(1, !,...,!), which 
is a central extension by Z isomorphic to F^ ^. In fact, there is a commutative diagram: 

1 ^ Z2 ^ /*(IV) xF^^,(l,l,...,l) ^ F^_, ^ 1 

i L 4, TT 11 

1 ^ Z ^ fl, ^ F^,,, ^ 1 

The central extension from the lower row is isomorphic to F^ ^ because the lifts of relations are the same. 

Braid and lantern relations lift trivially. Chain relations lift to z^^ in /*(Fg_r) and trivially to F^ ^(1, 1, . . . , 1) 

and thus the image of the lift by L (or tt) is z^^. Puncture relations at pi lift trivially to /*(Fg^r) and to z in 
the factor F^ ^(1, !,...,!), so that its image by L (or tt) is z. As a consequence of this description the class 

Cpj~ is the image by L of the class of /*(Fg^r) x Fg^(l, !,...,!), namely c^.^p— + Cp^ 



On the other hand, by functoriahty, the class c^.^p — ^ is f*{12x) — 12% G H^(rg^^), because the map /* is 
the standard embedding of 77^ (Fg ,.) = into H'^i^g r)- Proposition 12.21 proves the Theorem for g > 3. 

When g — 2 one does not know the i?^(r| but for s = and r < 1. Nevertheless the classes x ^nd ej are 
still defined. It suflaces to prove that: 

Lemma 2.12. The subgroup of iJ^(r| ^) generated by x and ei, . . . , is isomorphic to Z/IOZ © Z^. 

Proof. By the universal coefficients theorem we have 

1 ^ H^iTl,) ^ H^Tl^) ^ Hom(i/2(r^,,),Z) ^ 1 

From (im, Proposition 1.6) we have Hi{T2 ^) — Z/IOZ. The Meyer class x in genus 2 is one half of the 
class of Meyer's cocycle from and it generates the image of i?i(F2 ^) into H^{T2 r). 

Consider next the extensions F| ^ (a) for integral vectors a. According to the previous description lifts of 
puncture relations are of the form z"'. Suppose that there exists an isomorphism between the extensions 
F2^(a) and F2^(b). Such an isomorphism of extensions should send Da into z^'-'^^Da, because it has to 
induce identity on F| ^. Since lifts of braid relations are trivial in both extension groups it follows that 
n{a) = n does not depend on the non-separating curve a. But puncture relations are homogeneous, and so 
they are therefore independent do not depend on n. This shows that a = b. In particular the classes span 
a free Z-submodule of iJ^(F2 ,,). 

Since the class x is of order 10 and both subgroups Z/lOZ (generated by x) and Z"* (generated by ei, . . . , e^) 
inject into i?^(r| the claim follows. □ 

Then the arguments used above for g > 3 work as well for g = 2 and the Theorem follows. When C is a root 
of unity the associated cohomology class is the reduction mod N of the corresponding integral cohomology 
class. 

Proof of Corollary \O.Sl Consider the extension Fg.,.+s of class 12^. The Corollary claims that there is an 
exact sequence: 

1 ^ A'-' ^ ^ f^. ^ 1 

This can be verified by using the explicit presentations of the two groups involved. The kernel is generated 
by the products of two opposite Dehn twists on the s blown up boundary components. 

Proof of Corollary \0.3\ It suffices to understand the map iJ^(Fg^; A) ij2(Fg^,C*) induced by z C~^- 
This map is injective, when g > 3. 

The Universal Coefficients Theorem states that, for any Abelian group W, the following exact sequence is 
exact: 

1 ^Ext{Ho{ri,.),W) ^ H\Tly,W) ^RomiHi{ri,.),W) ^ 1 

Now Ext(Z,VF) = 0, for any Abelian group W. This implies that ffi(F^,,;C*) = H^i^yX* /A) = 0, if 
g > 3. From the Bockstein exact sequence 

H\rly, C*) ^ H\rly, C*/A) A H\Tly, A) 4 H\Tly,£*) 

we derive the claim. 

When g — 2 the Universal Coefficient Theorem shows, as above, that iJ^(r| ^; C*) ~ IIom(iJi(F| ^), C*) and 
H^iTl^;C*/A) = Hom(i?i(r|,,),C*/A). Thus H^T'^yC*) = Hom(Z/ldz, C*) = Uw, where Uw is the 
subgroup of roots of unity of order 10. The last isomorphism sends a homomorphism into its value on the 
generator 1. Next iJi(F^ ,,; C*/A) = Hom(Z/10Z, C*/A) = Uw x A/IOA. To explain the last isomorphism, 
each element / e -ff^(r2 C* /A) is determined by its value /(I) — As, for some s G C*. Here s^^ = a" G A, 
where a is the generator of A. Fix some 10-th root a^^-^^ G C* of the generator of A. Then the isomorphism 
above associates to / the element (sa~"/^°, s^°) G Uio x A/lOA, which is well-defined and independent of 
the choice of the representative s in its A-coset. In particular the map 7?^(r| C*) H^{T2 ,r, C* /A) sends 
Uio onto the factor Uiq of the second group. 

Let / be a lift of / to / : Z/IOZ = i?i(r^^) C*, for instance f{k) = s'', where k G Z/IOZ. Then 
F{ki,k2) — f {ki)f {k2)f {kik2)^^ G A is a 2-cocycle on i?i(r|^) with values in A. The pull-back in 
7J^(F2r,A) of the class of F by the map r2 ^ HiiV^r) is the element /?(/). It is well-known that 
7?^ (Z/IOZ, A) = A/10j4 is generated by the Euler class. Specifically, the cohomology class of the 2-cocycle 
F in i/^(Z/10Z,A) is the element s^" G A/\QA, under the previous isomorphism. 



The Universal Coefficients Theorem shows that 



1 ^ Ext(iJi(r^,J, A) ^ H\Tl^;A) ^ RomiH^iTl,) , A) ^ 1 

Further Ext(iJi(r^ A) = A/lOA is generated by the class x (as an ^-valued cohomology class). Using 
the definition of Ext one identifies the class x with the generator of H'^ {Z / WE; A) . This implies that the 
image of /3 is the subgroup generated by x within i?^(r| Then Corollary 10. 31 follows. 
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